An attempt is made to study the classical Von Kármán flow problem for Jeffrey fluid by using a generalized non-similarity transformation. This approach is different from Von Kármán's evolution of the flow. Here, physical quantities are allowed to develop non-axisymmetrically. The three-dimensional equations of motion for Jeffrey fluid are treated analytically yielding the derivation of a closed form solution for the velocity field. Exact expressions for the vorticity components, shear stresses and boundary layer thickness are also presented.
Introduction
The flow induced by an infinite disk rotating in an incompressible viscous fluid was first considered by Von Kármán [1] and later by Cochran [2] . Von Kármán [1] assumed that the flow possessed axial symmetry and introduced a similarity transformation which reduced the Navier-Stokes equation into a system of coupled nonlinear ordinary differential equations. He obtained an approximate solution for that problem. Later Cochran [2] obtained a more accurate solution by using a matched asymptotic expansion method for the case of zero normal velocity at the disk. This problem has received considerable attentions over the years and different extensions of the Von Kármán's swirling flow problem have been made to address various applications, see for instance [3, 4, 5, 6] . In all these studies, the Von Kármán's axisymmetric similarity transformation is used to reduce the governing partial differential equations to a nonlinear system of ordinary differential equations. These ODEs are then solved by some approximate methods either numerical or analytical numerical. However, exact solutions are very important for many reasons. They provide a standard for checking the accuracies of many approximate methods such as numerical or asymptotic. Moreover, the flow induced by an infinite disk rotating with a constant angular speed may not possess axial symmetry [7] . Recently, Turkyilmazoglu [8] has obtained exact solutions of the Navier-Stokes equations for the swirling flow problem by using a generalized non-similarity transformation which differs qualitatively from the Von Kármán's assumption in such a way that the non-axisymmetric flow is taken into consideration over a rotating disk. In this study, we have extended the analysis in [8] from viscous to Jeffrey fluid. Following [8] , similar work may be cited in [9, 10, 11] . Although several models of non-Newtonian fluids have been proposed in the literature, the Jeffrey model is the simplest one among them. Also, in spite of its relative simplicity, this model has shown a rheology different from the Newtonian fluid for the Von Kármán's swirling flow problem. A vast amount of research is now available for the flow problems associated with non-Newtonian fluids in variety of situations. But a careful study of the literature indicates that the Jeffrey model has received very little attention. Keeping in mind these facts, we have chosen this model for this analysis. This analysis is important, not only from mathematical point of view, but mainly as an essential test for the underlying physical model. The practical applications that can be envisaged for this problem is in the design of thrust bearings, radial diffusers etc., used in defense equipments. The following pattern is used in the rest of the paper. In section 2, the mathematical formulation of the problem is given. Section 3 is concerned with the flow analysis and section 4 includes the concluding remarks.
Formulation of the problem
We consider the steady laminar flow of an incompressible Jeffrey fluid due to an infinite disk which rotates in the plane z = 0 about its axis of rotation z with a constant angular velocity Ω. The governing equations of motion for the Jeffrey fluid are the laws of conservation of mass and momentum which are
where V = (u, v, w) is the velocity vector, d/dt is the material time derivative, ρ is the fluid density and P is the pressure. For the Jeffrey fluid the extra stress tensor S is given by [12] 
in which μ is the dynamic viscosity, λ 1 is the ratio of relaxation and retardation times, λ 1 is the retardation time, dots over the quantities denote material differentiation andṙ
where the superscript denotes the transpose of a matrix. In the present analysis the flow is assumed to take place in the semi-infinite space z ≥ 0. Boundary conditions accompanying Eqs. (1) and (2) are such that the fluid adheres to the wall at z = 0 with a given axial velocity and that the velocities are bounded at far distances from the disk. The flow in this analysis is different qualitatively from the traditional Von Kármán's flow. Here the physical quantities are allowed to develop nonaxisymmetrically with no normal flow assumption. Therefore, the θ coordinate will appear in our discussion. In view of these stated assumptions, the velocity field for the problem, in the cylindrical coordinate system (r, θ, z), can be taken in the form
We use the following dimensionless variables,
where L is the length scale and U = LΩ. Hence, the dimensionless form of the equations of continuity and motion, after dropping the * are given by ∂u ∂r 
In Eqs. (8)- (10) S rr , S rθ , S rz , S θz , S θθ , S zz are the components of the stress tensor S which can be easily calculated by using (5) in Eqs. (3) and (4).
Flow analysis
In this section, we find the exact solution for the stationary mean flow relative to the rotating disk. Via a coordinate transformation ς = Re 2 z, where Re is the Reynolds number, we assume a solution of the form [11, 8] 
such that, non-axisymmetric and periodic solutions of F and W with respect to θ are determined here, subjected to the pressure field given by (11) . This assumption simplifies our subsequent analysis. In the above transformations, the parameters a and σ correspond to the polar representation of a fixed point on the disk surface and p 1 is a constant. On employing the above transformations in Eqs. (7)- (10) along with Eqs. (3)-(5), the continuity equation is automatically satisfied, while the momentum equations, with the help of aforementioned periodicity assumption of F and W with respect to θ give rise to the set of following ordinary differential equations
The boundary conditions for the problem reduce to
Combining Eqs.(12) and (13) into a single complex differential equation with real variables, we have
where H = F + iW and i = √ −1. The corresponding boundary conditions for H are given as H = 0 at ς = 0 and H is bounded as ς → ∞.
(16)
The solution of Eqs. (15) together with the boundary conditions given in Eq. (16) is
Equating the real and imaginary parts of the solution given in Eq. (17), F and W are found to be
where
The asymptotic behavior of f and g as ς → ∞ in (20) The effects of viscosity in the fluid adjacent to the disk tends to develop tangential shear stress, which opposes the rotation of the disk. There is also a surface shear stress in the radial direction. In terms of the non-dimensional parameters of the analysis, the expressions for tangential and radial stresses are
In the particular case when θ = σ, we obtain
Moreover, when σ = 0, the results obtained point out the fact that the maximum resistance due to the viscosity of the fluid will take place at the locations θ = π 4
and θ = 5π 4
(the branch of arctan is over the interval for the azimuthal stress respectively, over one period of rotation. From these expressions, one can easily determine the corresponding locations at which minimum and maximum skin friction takes place against the flow for given values of Re and λ 1 . The boundary layer thickness in radial and tangential directions are evaluated as
Hence, the Jeffrey constant λ 1 has a decreasing effect on the boundary layer structure of the flow. The vorticity components (ω r , ω θ , ω z ) = ∇ × V existing within the fluid can be found out exactly using Eqs. (18) and (19), respectively. Thus,
Hence, the radial and tangential components of the vorticity depend on Re as well as λ 1 . Figures 2 and 3 are to demonstrate the effects of Re and λ 1 on ω r and ω θ for the special case θ = σ. It is noted that with the increase in Re and λ 1 , the components ω r and ω θ increase near the wall, and thereafter decrease and get negative values, before approaching their asymptotic limits. However, the tangential component ω θ is observed to be increasingly damped as compared to the radial component ω r . Moreover, a large gradient is observed for ω r near the wall. Actually, these vorticity components are responsible for the motion of fluid considered in the current study. 
Concluding remarks
In this article, an exact solution is obtained for the velocity distribution for the flow of an incompressible Jeffrey fluid near a rotating disk of infinite extent.
Instead of the traditional Von Kármán's axisymmetric condition of the flow, the non-axisymmetric flow with zero normal flow assumption is taken for the analysis. We have worked through cylindrical coordinates which rotates with the disk, whose polar representation is (a, σ). The particular case a = 0 is associated with the rigid body rotation. The non-zero choice of a has enabled us to achieve the solutions bounded away from the disk. The obtained results point out that a boundary layer structure develops near the surface of the disk, whose far-field behavior is distinct from the near-wall solution. Boundary layer thickness decreases with λ 1 .
